Line Sketching
All lines are drawn to show proportional relationships. Take the example about potatoes used in the section on direct proportionality where we had a general formula
[image: image210.png]


. It followed that if P is the number potatoes, and each potato weighs 500g then W is the total weight of all the potatoes. If I was weighing the potatoes in one of those plastic containers that usually come with a set of scales, and the container weighs 200g, then the total weight of everything would include that value, so that 
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. You should see that this equation is in the same form as
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, which you should recognise from all the old fables of mathematics. In this case the gradient (m) is 500 and the value of C is 200. If I rewrite this equation in kilograms instead of grams, it will be
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 (because 500g = 0.5kg). A graph of the data will look like this:
[image: image1.wmf]500

WP

=

When there are no potatoes the only weight is that of the container which weighs 0.2kg. W= (0.5 x 0) +0.2 = 0.2
When there is no weight whatsoever W will equal 0, so that 0 = 0.5p +0.2

Which means that 0.5p = -0.2
 (Subtract 0.2 from both sides).

Therefore p = -0.2/0.5 = -0.4 (divide both sides by 0.5)
   This means that you have to have negative 0.4 potatoes for the total weight to be zero. I wouldn’t bother trying, just write that the number of potatoes has to be greater than or equal to zero (
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), and you’re sorted.
All lines can be solved in this same way. If you were given the line 
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 you can figure out were it crosses both axes by making 
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 and 
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 equal to 0. 
When 
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 and so 
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Generally, lines cross the Y axis at C

When 
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 (when the line crosses the x axis)
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The gradient of a line is the amount by which 
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 increases or decreases every time 
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 increases or decreases. A line with the equation 
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means that every time 
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 increases by one 
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 increases by two; it means that 
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is growing bigger twice as fast as
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. That is why the gradient is more frequently called the rate of change. And so, if a change of 
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 resulted in a change of 
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 then dividing that difference in 
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 by the difference in 
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 you would find the rate of change/gradient. We write that:
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e.g. Given the coordinates 
[image: image30.wmf](1,8)

 and 
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find the equation of the line which passes through both of them.
The difference in the two values of 
[image: image32.wmf]x

 is 
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 = 3 – 1 = 2

This difference in 
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 corresponds to a change in 
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 of 
[image: image36.wmf]1

yy

-

 =14 – 8 = 6

…and so the gradient is… 
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 = 
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 = 3   For every 1 
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 goes up, 
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 goes up 3.

The line so far is
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. To find the value of C you could draw the line and note down where it crosses the y axis, or you can solve it by inputting the data you already have: choose one of the two coordinates you’ve been given and put the 
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 and 
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 values into the line equation. I’m going to use the coordinate (1,8).

8 = (3 x 1) + c

8 = 3 + c

c = 5

The equation of the line is therefore 
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It looks as follows:

It crosses the y axis at 5
It crosses the 
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 axis at the point where y = 0
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Two lines with the same gradient will be parallel. The only difference between them is determined by the value of the constant. If the line 
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 is parallel to a line 
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 then the line must be 
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, so that both lines have the same gradient of the value 2.
The steepness/gradient of both lines is the same, so they have to be parallel. Whatever the value of x, the corresponding value of y on the line 
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 will always be 3 bigger than the corresponding value of y on the line 
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.

e.g. The coordinates 
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 lie on a line parallel to 
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, what is the equation of                            the line?

The two lines are parallel so their gradients are the same, meaning that the points lie on a line with the equation
[image: image56.wmf]3

yxc

=+

. So just put in the coordinates to find the value of C.

y = 10    
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 = 4

10 = (3 x 4) + c

10 = 12 + c

c = -2

The equation of the line is therefore 
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   Three graphs are illustrated below. The first graph shows the line 
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. On this graph the gradient is positive because as 
[image: image60.wmf]x

 increases so does
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. The second graph illustrates a line with a gradient of 0 – as 
[image: image62.wmf]x

 increases
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does not, it just remains the same value, unaffected by the value of 
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. The third graph shows the line
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. Here dy/dx will give you a negative value so the gradient is negative – as 
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 increases 
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 decreases. You should gather that a negative gradient slopes down.
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One thing you should remember when calculating the gradient of any line using 
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 with two sets of coordinates is to make sure that 
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 and 
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 are from the same coordinate bracket (i.e. if you were given the coordinates (4, 8) and (2, 4) make sure that one coordinate is 
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 and the other is 
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When two lines intersect to make a right angle (90°) they are said to be perpendicular.
You can probably see that the gradients of the two lines are as opposite as can be. To achieve this ultimate oppositeness (which my spellchecker tells me, is a word) the product of the gradients will be -1.

The example to the below shows the lines
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 and
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. The product of their gradients (1 x -1) is -1, so they are perpendicular.
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If the gradient of a line was 2 then the gradient of a line perpendicular to it will be -½ because 2 x -½ = -1
If you had a line with a gradient of -5/3 the gradient of a line perpendicular to it will be 3/5 because -5/3 x 3/5 = -1.

In general, to find the perpendicular gradient, flip the fraction and change the sign.

e.g. A line has equation 
[image: image77.wmf]44

yx

=+

 find the equation of a line perpendicular to it which passes through the point (-8, 5).
You can find out the gradient of the line by flipping the fraction (
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) and then changing the sign (
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) so the gradient of the new line is -1/4, so that the line itself is of the form 
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.

All that remains is to input the values of the coordinates.  It passes through a point where 
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 and 
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 so…
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The equation of the line is therefore 
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Graphs of the form 
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 tend to have the same shape, called a parabola. Take the lines 
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and 
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 they look as follows:

Not completely accurate, but it’s all you’re getting. The bottom line is
[image: image90.wmf]2

yx

=

 the one above it is
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. They look (should look) exactly the same. +5 is a constant, it means that whatever the value of 
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 is, 
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 will always be 5 bigger. This constant also always dictates, for any line, the point where it crosses the y axis.
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Now take the example of the lines 
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 and
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. 
On the graph, the lower and fatter of the two lines is
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. At the point where it touches the 
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 axis y = 0 and so 
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. For this to be true both sides must equal zero, and that happens when 
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 because 
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. The line is identical to 
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 apart from everything is shifted to the right 2 spaces. If the line was 
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 it would look the same but shifted 3 spaces to the right; and 
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 would shift it 3 spaces to the left. You should also note that the line crosses the y axis at 4. The reason is clear if you expand out the bracket so that 
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. The constant is 4, and so it crosses the y axis at 4.
The line 
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 is just like the line 
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with the difference of two things. Firstly the 2 outside the bracket means that the line is twice as steep, i.e. a bit pointier. If you had to multiply the bracket by ½ then the line would be half as steep. Secondly, the +3 means that the line is 3 spaces higher. If this value was -3 the curve would be 3 spaces lower. What you’re essentially doing is multiplying all the values of 
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 by 2 and then adding 3 to them. 

This line will cross the y axis at 11 because if you multiply the entire line out so that 
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 the constant is equal to 8+3 which is 11.
If you had a line like 
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 and wanted to know what it looked like you’d need to find out where it crosses the y axis and where it crosses/touches the 
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 axis. You can find out where it crosses the y axis by looking at the constant, and in this case it’s -6, so it crosses the y axis at -6. 
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To find out where it crosses the x axis you need to find the values of x where y is equal to 0, i.e. where 
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. If you factorise the line you will find that 
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; this means that for y to be zero 
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 will be -2 and 3. So the line crosses the 
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 axis at -2 and 3. The line therefore has the same shape as 
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 apart from it crosses the y axis at -6 and the 
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 axis at -2 and 3. It should look like the line to the left.
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One thing that I haven’t yet mentioned about these 
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 assortment of lines is that when 
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 is negative, as in when
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, the graph turns upside down, but the same rules apply. The two lines 
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 are shown. See how the +5 still means that it crosses the y axis at 5. In this case, for y to be zero 
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 must equal 5 so that 
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, and so the line crosses the x axis at 
[image: image124.wmf]5

±

.
The general rules of sketching 
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 lines are:

· A negative 
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 flips the line upside down

· A single bracket squared (i.e.
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) means that the line sits on the 
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 axis whilst two brackets involving 
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 (i.e.
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) will produce a line which crosses the 
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 axis.

· A line 
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 is 
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 spaces to the left of 
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 spaces to the right of
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· Any multiple of the line stretches it (e.g. a line 
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 multiplied by 2,
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, will make it twice as steep).

· An addition of a constant shifts the line either up or down. (e.g. a line 
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 plus 5, 
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 will move the entire thing up 5 spaces).

   The rules above not only apply to lines where 
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 is the highest power of 
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, but all lines. That’s something to be grateful for. If a line can be factorised into brackets then any values of 
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 which make those brackets equal zero will be the values of 
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 where the line crosses the 
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 axis. If for example you had a line which could be factorised into 
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, then when y = 0 
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 will equal 4, -5, 17 and  -78. 
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   As long as one of those brackets is equal to zero, it will multiply all the others so that the whole right hand side equals zero. This particular line will have an 
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 term, but you can appreciate how the same rules apply. The lines of
[image: image150.wmf]3

x

 and 
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 both apply to these rules. 
   A graph with an
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 term can take two forms which are both essentially the same thing. The first graph shows the lines of 
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which is just the negative/upside down version. You can multiply them out to get the lines 
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 and 
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. As you can see, there is no constant, or more the constant is +0, in both, which means they both cross the y axis at 0.
Both lines pass through the points 
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 because these are the points where y = 0. The 
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 outside the bracket is the same as writing 
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, so that the line 
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 is the same as writing 
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. A line with the equation 
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will cross the x axis at -5, -8 and 2. The line will have the same shape, it will just cross the x and y axes at different points.
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The second type of 
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 line is
[image: image164.wmf]3

yx

=

 or 
[image: image165.wmf]3

yx

=-

 which are both pictured alongside. From what I said above, writing 
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 is the same as writing 
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 or 
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, the expanded result is the same. 
 The three points where the line crosses the 
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 axis are all the same point – it’s called a point of inflection. The (positive) lines above, sloped up from the left, waggled about a bit and then sloped up to the right. When the three points where y = 0 are the same, the line misses out the waggly bit in the middle, it just slopes up from the left, and then slopes up to the right.

A line with the equation 
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 will look the same but instead lay 4 spaces to the left. A line with equation 
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 will be the same shape except lay 4 spaces to the left and 2 down.
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Next comes the line 
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, it is shown below:

 Think about dividing 1 by 2, the answer is 0.5. Divide 1 by 10 and the answer is 0.1. As the number you divide by gets bigger and bigger, the answer gets smaller and smaller but it will never equal 0. So beyond 
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, the line curves toward
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Now divide 1 by 1, the answer is 1. So when 
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 y is also 1.
Now divide 1 by 0.5 to get the answer 2. Divide it by 0.1 and the answer is 10. As 
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 gets smaller and smaller, closer and closer to zero, the answer gets bigger and bigger but never quite reaches the y axis. I hope this describes what’s happening with this line. No point on the line 
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 will ever touch either of the x or y axes. Only if the line was something like 
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would it touch the x axis, because it would be shifted down by 5 spaces. A line with an equation like 
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 would cross the y axis because the entire line is shifted 3 spaces to the right. 

One final thing to learn is the function form; as in
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. Don’t get bewildered by this, it’s basically another, and I feel better, way of writing 
[image: image181.wmf]y

. If the equation of a line is 
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 then you could also write it as
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’ means ‘the function of 
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’, or you could say it means ‘how 
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 changes 
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’ or even simply ‘what
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 does’ .
    If you were given a question like… if
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 what does y equal when 
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? Then in function notation that would be the same as writing 
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. It’s just shorthand. In that example the function of 
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 is 
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. And so 
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 is the same as writing 
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. It’s the function of 
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 multiplied by 3. It’s not a special type of line or anything, it’s just shorthand; that’s it really.

As I’ve already mentioned about lines, the same rules apply to them all. Have them tattooed on an accessible part of your body, change your name to them, anything which you think will help you remember them. I find that the best way to remember anything is to just learn what it means, don’t just prepare for the exam; knowledge is worth more than a GCSE… honestly. Make yourself completely understand it, and it will feel like logic Rules can be forgotten but instinct is not. There you go, get that framed over a picture of a sunset or something.
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