Mechanics 1 – Aide Memoire

Modelling

Mathematical modelling is simply a way of representing a real-life situation using mathematics.

We need to make some assumptions or simplifications in order to fit our model to our mathematical knowledge. You may well be asked to state which assumptions you have made as part of an exam question (but it will only be worth a couple of marks at most)

Some common assumptions are:

· modelling people/objects as particles. A particle has no size so things like wind resistance do not apply.

· smooth surface – no friction.

· ‘light, inextensible’ string

Kinematics
Kinematics is the mechanics of movement. The two most likely types of questions will involve either the ability to apply the ‘constant acceleration formulae’ (which you will need to remember), questions involving ‘travel graphs’ or elementary calculus. It is assumed that the reader has studied ‘travel graphs’ at GCSE.
Constant acceleration formulae (NOT in formula book):

 
[image: image1.wmf]22

2

2

1

2

vuat

vuas

sutat

=+

=+

=+

      

 u = initial velocity, v = final velocity, a = acceleration, s = displacement and t = time

Any object falling without resistance will have an acceleration of ‘g’ (g = 9.8 ms-2)
Example
[image: image2.emf]
a) Pick a direction to take ‘positive values’. In this case I will adopt up as positive.
    u = 7 ms-1      a = -9.8 ms-2  (negative as it acts downwards)    

    v = 0 ms-1 (at top of flight, velocity is zero). 

We need to find ‘s’
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The ball travels 2.5m upwards so it is 7.5 metres above the ground (thrown from a height of 5 metres above the ground).
b) We know, u, v and a  and need to find t. 

   Try to avoid using values you have calculated wherever possible. 
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c)   u = 7 ms-1, a = -9.8 ms-2, s = -3m (negative because it has moved 3 metres down 

                                                                           and we are saying upwards is positive) 

i)  We need to find ‘t’
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Time can not be negative so our answer is 1.77 seconds (to 3 sig. figs.)
ii)   We now need to find ‘v’
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Example

[image: image7.emf]
a) i) On a velocity – time graph, the acceleration is found by finding the gradient of the curve. In this case it is a straight line so no need for calculus
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ii) Distance travelled = area under the curve

                                  = 2.4 x (5 + 8)/2

                                  = 15.6 metres

b) To find the average speed, we need to know the total distance and time.

                                     [image: image9.emf]
Distance travelled from t = 8 to t = T  is:

4.8 = 0.5 x (T – 8) x 2.4 

so T = 12 seconds
Total time = 12 seconds, total distance = 15.6 + 4.8 = 20.4 metres

Average speed = 20.4 / 12

                        = 1.7 ms-1
You will also need to know that:
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If you have to integrate then there will be constants of integration to include but you may be able to evaluate these if you are given further information.

Example [image: image12.emf]
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Example

Find an expression for the velocity of a particle at time, t seconds, if the particle was initially moving at 3i ms-1 and the acceleration is given by the expression:
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Vectors
All vector quantities have both a magnitude (size) and a direction.

Velocity is a speed with a direction – in fact the magnitude of a velocity is its speed.

We can write vectors as column vectors, using i and j notation (also known as the unit vectors) or we can draw them.

It is easy to change from column vectors to i and j notation.

3 i – 2 j  = 
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Example

[image: image16.emf]
Draw a ‘triangle of velocities’ 

[image: image17]
a) To find α, we can use the sine rule
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b) The remaining angle must be 180 – 60 – 16.78 = 103.2 (to 4 sig. figs.)
We can use the sine rule again to find v
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You must be able to use the sine and cosine rules to solve these types of questions.
If you are asked to find the speed of an object and you know its velocity, then the speed is simply the magnitude of the velocity. 

e.g.  Find the speed of a particle if its velocity,   
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[image: image21]                                   Using Pythagoras’ Theorem we get the speed to be 5
Momentum
Momentum is a vector quantity.

Momentum questions are easy to spot as they involve collisions. 

It is calculated by multiplying the mass of an object by its velocity. If two identical objects are travelling in opposite directions at equal speed, then they will have the same ‘amount of momentum’ but one will be positive whilst the other will be negative. You must take the direction into account when dealing with momentum unless your velocities are written as column vectors (the direction bit is already taken care of by the column vector).

In any collision in Mechanics 1 (and at any other time unless you are told that an external force is acting), MOMENTUM IS CONSERVED i.e. the total momentum before the collision is the same as the total momentum after the collision.

Note – ‘coalesce’ means the particles merge to become one single particle (its mass will be the sum of the two particles masses’)

Example

[image: image22.emf]
a) Using conservation of momentum
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Look at the horizontal components (top bit of each column vector) as there is no sign of V in it
                               4m - 3 = m + 3

                                    3m = 6 
                                      m = 2              (as required)

b)  Looking at the vertical components we know

                                                2m – 3 = V(m + 3)

  but m = 2 so                              6 – 3 = 5V

                                                          V = 0.6 ms-1
Example

[image: image24.emf]
 Before                     2 ms-1                                  6 ms-1   





After                       3V ms-1                                 V ms-1
The key is a good diagram and to choose a positive direction (in this case I have decided this will be to the right). This means that any object travelling to the left will have a negative momentum

Using conservation of momentum we know that:

        momentum before collision = momentum after collision

                   2 x 2m – 6m = - 2m x 3V + mV     (minus signs if travelling to left)
                         4m – 6m = -6mV + mV

                                  -2m = -5mV

                                     V = 0.4 ms-1                  (divide by ‘-m’)

Forces
This is the major part of the Mechanics 1 syllabus and will carry a large percentage of the marks.

Below are a few key points which you must know

· The key to all virtually all Mechanics questions is drawing a good diagram

· The weight of an object is found by multiplying its mass by the value of the acceleration due to gravity ‘g’ which is usually taken as 9.8 ms-2
· The forces acting on stationary object or an object moving with a constant velocity (in other words ‘not accelerating’) must be balanced. If you look at the forces acting in any particular direction, there will be exactly the same size force acting in the opposite direction. This is sometimes referred to as being in equilibrium.
· Any force (or indeed any vector) can be resolved (split) into two separate components acting at right angles to each other.
· If an object is accelerating then there must be a resultant force which acts in the same direction as the object is accelerating. The forces acting perpendicular to this direction will be balanced. The magnitude of the resultant force are linked by:

                      Resultant force = mass of the object x acceleration

· When you place an object on a surface, the surface exerts a force on the object which is equal and opposite to the weight of the object (assuming the object does not move). This is called the Normal Reaction Force ‘R’ or ‘N’ which acts perpendicularly to the surface it stands on. Be careful as it is not unknown for questions to call the resistive forces acting ‘R’ – in this case use ‘N’ for the reaction force.
· A rough surface means that there will be a frictional force present. A smooth surface means that there will be no frictional force.
Any frictional force always acts in the opposite direction to which the object is trying to, or is moving in.

The frictional force can be found using:

      Frictional force ≤ μR    where μ is the co-efficient of friction and R is the

                                                                                       Normal Reaction Force.

The frictional force reaches its maximum value (μR) at the point were the object is just about to move/just begins to move (it can also be called ‘limiting equilibrium’). Once the particle is moving, the frictional force remains at it maximum possible value – remember that if the particle is accelerating then there will be a resultant force (and vice versa).
Example

[image: image25.emf]
This time we have been given the diagram so straight into the answer. As the particle is in equilibrium, all the forces are balanced (in all directions).

a) If we look at the vertical components we have the 5 N force acting upwards. This must be balanced by the 10 N force (its vertical component anyway). The ‘Q’ force has no effect on the vertical forces (because it acts horizontally and so has no vertical component).

After all that waffle, here is what your answer should look like in the exam:

Resolve vertically

            5 = 10 cosθ     (10cosθ is the vertical component of the 10 N force)
       cosθ = 0.5

            θ = 60°

            b)  To find Q we need to resolve horizontally

                                     Q = 10 sinθ 

but θ = 60° so               Q = 10 sin 60° 
                                     Q = 8.66 N (to 3 sig. figs.)

(10 sin 60° is the horizontal component of the 10 N force and the 5 N force has no horizontal component)

Example

[image: image26.emf]
Firstly we need a diagram


[image: image27]a) Maximum value of the frictional force is  μR

     If we look at the vertical forces we can see that:

                 R = 19.6  and we are given that μ = 
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b) i) The maximum frictional force is 2.8 N, so until P reaches 2.8 N the forces 

        will remain balanced (as the block is not moving).

        If the forces are balanced then F must equal P so:

                when P = 1 N; F = 1 N
b) ii)  As the frictional force takes a maximum value of 2.8 N and P is 5 N, 

          there must be a resultant force which acts horizontally in the same  

          direction as P. This resultant force has a value of 2.2 N  (5 – 2.8).

          Using  F = ma we get:

                    2.2 = 2a
                   so a = 1.1 ms-2
Example

[image: image30.emf]
a) i) 
[image: image31]                          

ii) The car is moving with at a constant velocity (not accelerating) so the forces acting   

    on the car must be balanced.

    If we resolve the forces acting in the direction of the slope we get the propulsive  

    force pulling up the slope while the resistive force and part of the weight trying to     

    pull the car down the slope.

    Resolving along the plane:

                 1500 = R + 11760 sinα        (we know that sinα = 
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           so   1500 = R + 840

                       R = 660 N    (as required)

iii)  
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b) i) When the propulsive force is taken away, there is a resultant force acting down the plane. The magnitude of this force is 660 + 840 = 1500 N 

 Using  F =ma        1500 = 1200a

                         a = 1.25 ms-2                

ii) Back to constant acceleration formulae.

     u = 15 ms-1         (assuming ‘up the slope’ as positive)
     v = 0 ms-1
     a = -1.25 ms-2       and we need to find ‘t’
               v = u + at

               0 = 15 – 1.25t

               t = 12 seconds

Example

[image: image34.emf]
[image: image35.png]



            b)  As Matthew is moving at a constant speed, the forces will be balanced.

              Resolving perpendicular to the slope gives:

                                                    R = 343 cos 25

                                                    R = 311 N (to 3 sig. figs.)

            c) The frictional force will take its maximum value because Matthew is 

                moving. We know that in this case   F = μR so we need to find F in order to 

                calculate the value of μ

                Resolving along the slope gives:

                                                    343 sin 25 = F

                                               so  343 sin 25 = μ x 343 cos 25

                                                                   μ = 0.466 (to 3 sig. figs.)

Connected Bodies

This is basically a slightly more involved ‘forces question‘.
The secret is a good diagram and then to look at the forces acting on each individual object. They invariably involve F = ma and often require you to solve simultaneous equations.

When two bodies are connected the tension in the ‘connecter’ will be constant and both objects will have the same acceleration.

There are two types of question, the only difference is that in one the ‘connecter’ is rigid and in the other it is not. Examples of both types follow

Example

[image: image36.emf]
a) i) Draw a diagram [image: image37.png]



a) ii)  The maximum possible value for F is  μR.
          We need to find the value of R.

         We do this by looking at the forces acting on A. As the particle is at rest, the 

          forces are balanced.
Resolving vertically for A gives us:    R = 0.2g = 1.96 N

So the maximum frictional force is:   μR. = 0.5 x 1.96

                                                                  = 0.98 N

a) iii)  There are only two forces acting on B which is in equilibrium. Looking at these 

           forces we get:     T = 0.3g = 2.94 N

a) iv) The smallest value of P which will hold the system at rest occurs when the 

           frictional force is at its maximum.

           Looking at A and resolving horizontally we get:

                                P + F = T       but T = 2.94 N and F = 0.98 N

                       so P + 0.98 = 2.94

                                  so P = 1.96 N
b) When the force P is removed the diagram changes slightly as we need to add the acceleration, a.
[image: image38.png]



b) i) We need to look at the forces acting on each particle. These will no 

        longer be balanced  (F = ma), the tension will have changed but the 

        value of F will remain at its maximum as the objects are moving
From A we get    T – F = 0.2a   but F = 0.98 N

                  so  T – 0.98 = 0.2a

From B we get     0.3g – T = 0.3a  or  2.94 – T = 0.3a

We know have two simultaneous equations:

                            T – 0.98 = 0.2a    and  2.94 – T = 0.3a

This gives us           1.96 = 0.5a     so   a = 3.92 ms-2
b) ii) This is simply a constant acceleration formula question

          u = 0 ms-1
          s = 0.1m

          a = 3.92 ms-2   and we need ‘t’
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Example

[image: image40.emf]
Draw a diagram
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a) i)  As the trailer is decelerating there must be a resultant force   ( F = ma  again!)
         Looking at the forces acting horizontally on the trailer gives:
                                   100 + T = 250a   

   but a = 0.5 ms-1  so 100 + T = 125     
                                             T = 25 N

a) ii) Looking at the horizontal forces acting on the car we get:

                                                   B + 500 – T = 1250a

but T = 25 and a =  0.5              B + 500 – 25 = 625

                                                                     B = 150 N

b) When the car and trailer are moving at a constant speed, the forces are balanced.

     Looking at the forces on the trailer gives:

                                                      T = 100 N
     (Direction of the tension is reversed because the trailer is being pulled. When it 

                                         was slowing down the tow bar pushed against the trailer) 

Projectiles

This is just a mixture of resolving vectors and basic kinematics.

There are a few points to make careful not of:

· Always split the velocity into its horizontal and vertical components.

· The horizontal component is not affected by any external forces (if you model your projectile as a particle) and so moves at a constant speed.

· The vertical component is affected by gravity.

· At the top of its flight, the projectile will have a vertical velocity of 0.

· The greatest range (horizontal distance) is achieved when the particle is projected at 45°

Example

[image: image42.emf]
In this case we already know the initial magnitude of the horizontal (14) and vertical (7) components of the velocity.

a) i) Looking at the horizontal flight of the ball we know the speed remains 

        unchanged at 14 ms-1 so after ‘t’ seconds the ball must be 14t metres from its 

        starting position. I will call this horizontal distance, ‘x’.
       The vertical flight of the ball is affected by gravity so the speed of the ball will 

       change throughout its flight.

          u = 7 ms-1, a = -9.8 ms-2 (‘-‘ because it acts in the opp. dirn. to the initial dirn.)

          s = y m                    
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The co-ordinates of the ball (where it is after ‘t’ seconds) are:

                                           (x, y) = (14t, 7t – 4.9t2)
a) ii) From above we know: x = 14t and y = 7t – 4.9t2
         By substitution we can eliminate ‘t’ to get:
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a) iii) The horizontal range of the ball can be found using the formula above. When 

         the ball hits the ground, y = 0. All we need to do is substitute y = 0 into our 

         formula and find the corresponding value for x.
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         The range is 20 metres.

b) Consider the horizontal motion. We know that u = 14 ms-1(and is constant) and that 

     the ball has to travel 12 m to the bar.
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    We need to find out how high above the ground is at that time.

    Looking at the vertical motion gives:
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     As the bar is 3 metres high and the ball is only 2.4 metres above the ground, the    

     ball must pass under the bar.
c) The best assumption to mention is the fact that the ball is treated as a particle.

Example
[image: image48.emf]
a) Because we know the horizontal distance (range) travelled by the ball, we should 

    look at the horizontal motion of the ball.

    Horizontal speed of the ball (which is a constant) = 15 cosθ = 15 x 0.8 = 12 ms-1
    Distance travelled is 18 metres
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    The ball takes 1.5 seconds to travel from O to M.
b) i)  If we need to find the vertical component, we need to look at the vertical motion.

        Taking downwards as positive (fewer negative numbers that way):

         u = - 15 sinθ = -9 ms-1, t = 1.5 sec., a = 9.8 ms-2 and we need v.

                                   v = u + at

                                   v = -9 + 9.8 x 1.5

                                   v = 5.7 ms-1
b) ii) We know that at M the horizontal speed of the ball is12 ms-1 (to the right) and 

         the vertical speed is 5.7 ms-1 downwards. Draw a ‘triangle of vectors’

        
[image: image50]
 The resultant velocity acts at α° below the horizontal.

   From the diagram     
[image: image51.wmf]5.7

tan

12

25.4(3..)

tosigfigs

a

a

=

Þ=

o


Note – if you had been asked to find the speed of the ball at M, you would use  

Pythagoras’ Theorem to calculate the missing length.

Finally, be aware that some questions require ‘a little bit of everything’.
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