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Answer SIX questions.

1.
(i)
A sequence of real numbers, un, (n = 0,  1, 2, 3, . . .), is defined by un + 2 = 2(un + 1 – un), u0 = 1, u1 = 3. Find un in terms of cos (
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(ii)
Determine all combinations of real values of k and x for which the series 
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 is convergent.

2.
Points A, B, C have position vectors a, b, c and (, (, ( are variable parameters subject to the condition ( + ( + ( = 1. If the points are not collinear prove that the plane ABC is represented by the equation r = (a + (b + (c.


Prove that the equation of the line of intersection of the two planes



r = (1i + 2(1j + 3(1k ,    
(1 + (1 + (1 = 1  


and 
r = 2(2i + (2j + 2(2k ,   
(2 + (2 + (2 = 1,


can be written in terms of a single parameter t as

6r = (3 + t)i + 4tj + 9(1 – t)k.
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3.
(i)
If k is sufficiently large, show that one root of the equation

x10 – kx + k = 0



is approximately (k – 9)/(k – 10).


(ii)
Show that the positive roots of the equation e–x = cot x are given approximately by x = (aea – a – 1)/(ea – 1) where a = (k + 
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4.
If In = 
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 dx = In – a2 In + 1 ,


and that 2na2 In + 1 = (2n – 1)In + (2na2n – 1)–1.


Evaluate 
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5.
Find the coordinates of the centroid of the arc of the cycloid x = a(1 – cos ( ), y = a(( – sin( ) between the points given by ( = 0 and ( = (. 


Find the surface area described when this arc is rotated about the x-axis through 2( radians.

6.
If 10
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 = (x2 + y2), y = 0 when x = 1, and h is small, express the value of y when x = 1 + h  as a series of ascending powers of h as far as h5. Find, correct to 4 decimal places, the values of y when x = 1(5 and when x = 0(5.

7.
(i)
Solve the differential equation (3x + y)
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 = (8x + y), given that y = 1 when x = 0.


(ii)
If u = sin x and y is a function of u, express 
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[image: image12.wmf]u

y

d

d

 and 
[image: image13.wmf]2

2

d

d

u

y

.



Solve the differential equation

(1 – u2)
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given that y = 2 and 
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 = 0 when u = 0.

8.
A bead of mass m is moving with constant speed 
[image: image17.wmf]2
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 along a wire forming the curve r = a tan2 ( i + 2a tan ( j, where (( ( < 
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(, in the horizontal i, j plane, k being vertically upwards. Find, in vector form, the reaction of the bead on the wire, and show that when ( = 
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(  its magnitude is 3mg/(2(2).

9.
A particle moves in a straight line Ox on a horizontal table under the influence of forces which give it retardation of magnitude 2k ( velocity, and also acceleration of magnitude k2x always directed towards the origin O, where k is a constant and x is the distance of the particle from O. Initially the particle is at a distance a from O, and it is given a speed u towards O. Prove that the particle will pass through O if u > ka.


If u = 2ka, and if on the further side of O the retardation changes to 4k ( velocity, find the total time elapsed before the particle momentarily comes to rest. 

10.
Two uniform rods AB and BC, each of mass m and length 2a, lie at rest on a smooth horizontal table, and are smoothly hinged at B. Initially A, B and C are collinear. The rod AB is struck, at right angles to its length, by a horizontal impulse J at the end A. Find the initial velocities of the points A, B and C.

11.
A heavy uniform square lamina ABCD of side 2a rests in a vertical plane, with small light rings at the vertices A and B threaded on smooth vertical and horizontal rods respectively. The rods meet at O and the angle OAB is initially 
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(. The lamina is slightly disturbed so that the angle OAB (= ( ) increases and the subsequent motion takes place in the vertical plane. Find, and describe, the locus of the instantaneous centre of rotation for 
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(a) relative to fixed axes along OB and OA, and


(b) relative to axes in the lamina along AB and AD.


Find also the angular velocity of the lamina when ( = 
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